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Problem Solution Reflection

Identify the objective.

Let a0 = 1
4 and an = 1+an−1

2 for all n ≥ 1. Let S be the sum of the
numerator and denominator of a2021 when expressed in simplest
form. What is the remainder when S is divided by 100?
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Problem Solution Reflection

Find the remainder when S is divided by 100.

Trying some small cases, we find that

a0 = 1
4 , a1 = 5

8 , a2 = 13
16 , a3 = 29

32 .

We can rewrite these as

a0 = 20+2 − 3
20+2 , a1 = 21+2 − 3

21+2 , a2 = 22+2 − 3
22+2 , a3 = 23+2 − 3

23+2 .

an = 2n+2 − 3
2n+2 .
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Problem Solution Reflection

Find the remainder when S is divided by 100.

a2021 = 22023 − 3
22023

Since S is the sum of a2021’s numerator and denominator, we have

S = 22023 + 22023 − 3 = 22024 − 3

S ≡ ? mod 100
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ ? mod 4, 22024 ≡ ? mod 25
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ ? mod 4, 22024 ≡ ? mod 25

22024 = (22)1012 = 41012 ≡ 0 mod 4
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ ? mod 25
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ ? mod 25

210 = 1024 ≡ 24 ≡ −1 mod 25
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ ? mod 25

210 = 1024 ≡ 24 ≡ −1 mod 25

22024 = (210)202 · 24 ≡ (−1)202 · 16 ≡ 16 mod 25
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3

S ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25
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Problem Solution Reflection

Find the remainder when S is divided by 100.
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
⇐⇒ 25k ≡ −16 mod 4
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
⇐⇒ 25k ≡ −16 mod 4
⇐⇒ k ≡ 0 mod 4
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
⇐⇒ 25k ≡ −16 mod 4
⇐⇒ k ≡ 0 mod 4

=⇒ 16 + 25k ≡ 0 mod 4 ⇐⇒ k = 0 + 4ℓ, for some integer ℓ
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Problem Solution Reflection
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
=⇒ 16 + 25k ≡ 0 mod 4 ⇐⇒ k = 0 + 4ℓ, for some integer ℓ

Thus, 22024 ≡ 0 mod 4 and 22024 ≡ 16 mod 25 if and only if
22024 = 16 + 25 · (0 + 4ℓ) = 16 + 100ℓ, for some integer ℓ.
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ ? mod 100
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ ? mod 100

22024 ≡ 16 mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
=⇒ 16 + 25k ≡ 0 mod 4 ⇐⇒ k = 0 + 4ℓ, for some integer ℓ

Thus, 22024 ≡ 0 mod 4 and 22024 ≡ 16 mod 25 if and only if
22024 = 16 + 25 · (0 + 4ℓ) = 16 + 100ℓ, for some integer ℓ.

=⇒ 22024 ≡ 16 mod 100
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Problem Solution Reflection

Find the remainder when S is divided by 100.

S = 22024 − 3 ≡ 13 mod 100

22024 ≡ 16 mod 100

22024 ≡ 0 mod 4, 22024 ≡ 16 mod 25

22024 = 16 + 25k, for some integer k

For all integers k,

22024 ≡ 0 mod 4 ⇐⇒ 16 + 25k ≡ 0 mod 4
=⇒ 16 + 25k ≡ 0 mod 4 ⇐⇒ k = 0 + 4ℓ, for some integer ℓ

Thus, 22024 ≡ 0 mod 4 and 22024 ≡ 16 mod 25 if and only if
22024 = 16 + 25 · (0 + 4ℓ) = 16 + 100ℓ, for some integer ℓ.

=⇒ 22024 ≡ 16 mod 100
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Problem Solution Reflection

Review the concepts.

Concepts

modular arithmetic
Chinese remainder theorem
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