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Problem
[ ]

Identify the objective.

Let ag = % and a, = # for all n > 1. Let S be the sum of the
numerator and denominator of axgr; when expressed in simplest
form. What is the remainder when S is divided by 1007
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Solution
©0000000

Find the remainder when S is divided by 100.

Trying some small cases, we find that

1 5 13 29

a0217‘31:

We can rewrite these as

20+2 -3 21+2 -3 22+2 -3 23+2 _3
0= "5042 N T Toiq2 2T T BT T a0
2n+2 -3
an = on+2
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Solution
0®000000

Find the remainder when S is divided by 100.

22023 -3
32021 = ~o3033

Since S is the sum of axgp1's numerator and denominator, we have
S — 02023 | 92023 3 _ 52024 3

S =7 mod 100
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Solution
00®00000

Find the remainder when S is divided by 100.

S — 92024 _ 3
S =7 mod 100
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Solution
00®00000

Find the remainder when S is divided by 100.

G — 92024 _ 3
S =7 mod 100

22024 — 2 mod 100
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Solution

[e]e] lelele]e]e]
Find the remainder when S is divided by 100.
S = 22024 -3
S =7 mod 100

22024 — 2 mod 100

22024 =2 mod 4, 2%0%* = ? mod 25
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Solution

[e]e] lelele]e]e]
Find the remainder when S is divided by 100.
G 2024 _ 3
S =7 mod 100

22924 = 7 mod 100
22924 = 2 mod 4, 229%* = ? mod 25

22024 — (22)1012 — 41012 =0 mod 4
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Solution

000e0000
Find the remainder when S is divided by 100.
S — 22024 -3
S =7 mod 100

22024 — 2 mod 100

22924 = 0 mod 4, 2%0%* = ? mod 25
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Solution

000e0000
Find the remainder when S is divided by 100.
G 2024 _ 3
S =7 mod 100

22024 = 7 mod 100
22924 = 0 mod 4, 2%0%* = ? mod 25

210 — 1024 = 24 = —1 mod 25
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Solution

000e0000
Find the remainder when S is divided by 100.
G 92024 _ 3
S =7 mod 100

22924 = 2 mod 100
2292% = 0 mod 4, 2%0%* = ? mod 25
210 = 1024 = 24 = —1 mod 25
22024 = (210)202. 2% = (~1)** . 16 = 16 mod 25
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Solution

[e]e]e]e] Telele]
Find the remainder when S is divided by 100.
S = 22024 -3
S =7 mod 100

22024 — 2 mod 100

22024 = 0 mod 4, 2°9%* = 16 mod 25
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Solution
00000800

Find the remainder when S is divided by 100.

S =12%02% _ 3 =7 mod 100
22024 — 2 mod 100
22024 = 0 mod 4, 2°9%* = 16 mod 25
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Solution
00000800

Find the remainder when S is divided by 100.

S =2292% _ 3 =7 mod 100
22024 = 7 mod 100
22924 = 0 mod 4, 2%°%* =16 mod 25
2202% — 16 + 25k, for some integer k
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Solution
00000800

Find the remainder when S is divided by 100.

S =22 _3=7mod 100
22024 = 7 mod 100
22924 = 0 mod 4, 2%0%* =16 mod 25
2202% — 16 + 25k, for some integer k

For all integers k,

22024 — 0 mod 4 < 16 + 25k = 0 mod 4
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Solution
00000800

Find the remainder when S is divided by 100.

S =222 _ 3 =7mod 100
22024 = 7 mod 100
22024 = 0 mod 4, 2°9%* = 16 mod 25
2202% — 16 + 25k, for some integer k
For all integers k,

22024 = 0 mod 4 <= 16 + 25k = 0 mod 4
<« 25k=—-16 mod 4
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Solution
00000800

Find the remainder when S is divided by 100.

S =222 _3=7mod 100
22024 = 7 mod 100
22024 = 0 mod 4, 2%9%* = 16 mod 25
22924 — 16 4 25k, for some integer k
For all integers k,
22924 — 0 mod 4 <= 16+ 25k = 0 mod 4
<= 25k =—-16 mod 4
<= k=0mod4
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Solution
00000800

Find the remainder when S is divided by 100.

S =222 _3=7mod 100
22024 = 7 mod 100
22024 = 0 mod 4, 2%9%* = 16 mod 25
22924 — 16 4 25k, for some integer k
For all integers k,
22924 — ) mod 4 <= 16+ 25k =0 mod 4
<= 25k =—-16 mod 4
<= k=0mod4
= 164+ 25k =0mod 4 < k =0+ 4/, for some integer ¢

‘MATH

David Sun Math League, LLC

Contest Problem Set 12213 - Team Round Problem 9 8



Solution
00000800

Find the remainder when S is divided by 100.

S =22 _3=7mod 100
22024 = 7 mod 100
22924 = 0 mod 4, 2%0%* =16 mod 25
2202% — 16 + 25k, for some integer k
For all integers k,
22924 = 0 mod 4 <= 16+ 25k =0 mod 4
—> 16+ 25k =0mod 4 < k =0+ 44, for some integer ¢
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Solution
00000800

Find the remainder when S is divided by 100.

S =222 _3=7mod 100
22024 = 7 mod 100
22024 = 0 mod 4, 2%9%* = 16 mod 25
22924 — 16 4 25k, for some integer k
For all integers k,
22924 = 0 mod 4 <= 16+ 25k =0 mod 4
= 16+ 25k =0mod 4 <= k =0+ 4/, for some integer ¢

Thus, 22024 = 0 mod 4 and 22924 = 16 mod 25 if and only if

22024 — 16 425 - (0 4 4¢) = 16 + 100¢, for some integer .
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Solution
00000800

Find the remainder when S is divided by 100.

S =2%2% _3=7mod 100
22024 = 7 mod 100
22924 = 0 mod 4, 2%°%* =16 mod 25
2202% — 16 + 25k, for some integer k
For all integers k,

2202* = 0 mod 4 «= 16 + 25k =0 mod 4
— 16 +25k=0mod 4 <= k =0+ 44, for some integer ¢

Thus, 22924 = 0 mod 4 and 2%°?* = 16 mod 25 if and only if
22024 — 16 + 25 - (0 + 4¢) = 16 + 100¢, for some integer /.

= 222 =16 mod 100 JMATH
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Solution
00000080

Find the remainder when S is divided by 100.

S =2%2% _3=7mod 100
22924 = 16 mod 100
22924 = 0 mod 4, 2%°%* =16 mod 25
2202% — 16 + 25k, for some integer k
For all integers k,

2202* = 0 mod 4 «= 16 + 25k =0 mod 4
— 16 +25k=0mod 4 <= k =0+ 44, for some integer ¢

Thus, 22924 = 0 mod 4 and 2%°?* = 16 mod 25 if and only if
22024 — 16 + 25 - (0 + 4¢) = 16 + 100¢, for some integer /.

= 222 =16 mod 100 JMATH
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Solution
00000000

Find the remainder when S is divided by 100.

S =222 _3— mod 100
22924 = 16 mod 100
22924 = 0 mod 4, 2%°%* =16 mod 25
2202% — 16 + 25k, for some integer k
For all integers k,

2202* = 0 mod 4 «= 16 + 25k =0 mod 4
— 16 +25k=0mod 4 <= k =0+ 44, for some integer ¢

Thus, 22924 = 0 mod 4 and 22°?* = 16 mod 25 if and only if
22024 — 16 + 25 - (0 + 4¢) = 16 + 100¢, for some integer /.

= 222 =16 mod 100 JMATH
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Reflection
°

Review the concepts.

Concepts

m modular arithmetic

m Chinese remainder theorem
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